We study how quantum states are scrambled via braiding in systems of non-Abelian anyons through the lens of entanglement spectrum statistics. We define a distance between the entanglement level spacing distribution of a state evolved under random braids and that of a Haar-random state, using the Kullback-Leibler divergence DKL. We study DKL numerically for random braids of Majorana fermions (supplemented with random local four-body interactions) and Fibonacci anyons. For comparison, we also obtain DKL for the Sachdev-Ye-Kitaev model of Majorana fermions with all-to-all interactions, random unitary circuits built out of (a) Hadamard (H), π/8 (T), and CNOT gates, and (b) random unitary circuits built out of two-qubit Haar-random unitaries. We define as a universal clock the Page limit-normalized entanglement entropy S/Smax, which allows us to compare all different models on equal footing. Our results reveal a hierarchy of scrambling among various models -even for the same amount of entanglement entropy -at intermediate times, whereas all models exhibit the same late-time behavior. In particular, we find that braiding of Fibonacci anyons scrambles faster than the universal H+T+CNOT set. Our results promote DKL as a quantifiable metric for scrambling and quantum chaos, which applies to generic quantum systems away from large-N or semiclassical limits.
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I. INTRODUCTION
The notion of many-body quantum chaos plays a central role in understanding the emergence of statistical mechanical descriptions and thermodynamics of quantum systems under unitary time evolution (see for example [1] [2] [3] [4] [5] ). A precise quantitative formulation of quantum many-body chaos, in particular, remains an important problem. One possible diagnostic of chaos that has attracted recent interest is the "out-of-time-ordered" correlator (OTOC) [6, 7] , which generalizes the classical butterfly effect and Lyapunov exponent to quantum systems [8] [9] [10] [11] . Indeed, the exponential growth behavior of the OTOC with a corresponding quantum Lyapunov exponent λ L has been confirmed in several large-N theories (including large-N gauge theories, as well as theories holographically dual to black holes [8] [9] [10] [11] [12] [13] [14] [15] ), and weakly interacting disordered systems [16] . Such theories typically possess a large parameter N , yielding a parametrically large hierarchy between quasiparticle collision time (∼ β) and scrambling time (∼ βlogN ) for the Lyapunov exponent to be defined. Nevertheless, it was recently pointed out that "fully quantum" chaotic systems with strong short-range interactions away from large-N or semiclassical limit (such as quantum spin chains and random unitary circuits) may not have a large time window to observe a simple exponential-in-time growth of OTOC, and hence may not have a well-defined Lyapunov exponent [17, 18] .
A notion intimately related to chaos is scrambling, which refers to the phenomenon that initially localized information of a system becomes undetectable under its own dynamics without measuring a significant fraction of all degrees of freedom [19] . It was shown that the butterfly effect necessarily implies scrambling in quantum systems [20] . Scrambling can be captured by local entropy production under time evolution in chaotic systems [21] . Remarkably, the entanglement growth under random unitary dynamics belongs to the same universality class of Kardar-Parisi-Zhang equation for classical surface growth [22, 23] . One may be tempted then to characterize the degree of scrambling for different systems in terms of the growth rates of entanglement. However, the entanglement growth can behave in the same fashion in systems that are not truly chaotic, for example, under random Clifford dynamics [22, 24] .
In this paper, we propose a different measure of the degree of scrambling that employs the entanglement spec-trum (ES) statistics. We shall mainly focus on dynamics generated by random unitary circuits without additional conserved quantities, although we do present an example of Hamiltonian dynamics as well. Random unitary circuits serve as an excellent theoretical playground in recent studies of quantum chaos, from which lots of insights on deterministic dynamics can be obtained [22, [25] [26] [27] . For chaotic random circuits, one expects that the long time evolution samples uniformly from the ensemble of Haar-random states. Therefore, the entanglement level spacing distribution of the final states of a sufficiently long evolution should be that of Haar-random states, which are described by random matrix theory, in particular, the Gaussian unitary ensemble (GUE) in the present case [28] [29] [30] . Crucially, this observation will allow us to define a distance between the entanglement level spacing distribution of unitarily evolved states at intermediate times -i.e., prior to reaching maximal entanglementand the GUE distribution. In this work, we choose as the measure of distance the Kullback-Leibler (KL) divergence, or relative entropy, defined as
and satisfying D KL ≥ 0, where {p i } and {q i } are two sets of discrete probability distributions p, q. To study the variation of the distance from GUE under unitary evolution on equal footing for different models, we use the Page limit-normalized entanglement entropy S/S max as a model-independent clock. This allows us to compare the degree of scrambling as measured by D KL unambiguously between systems under drastically different unitary dynamics. The entanglement level spacing distribution reveals important information regarding the complexity of entanglement that is not captured by the entanglement entropy alone. More precisely, it signals whether a time-evolved state (even if maximally entangled) can be efficiently disentangled without precise knowledge of the time evolution operator, which is a highly non-trivial task for generic highly entangled states [24, 28, 31] . Therefore, the distance of the entanglement level distribution to the GUE distribution as a function of the amount of entanglement entropy should be viewed as the distance to the fixed point under chaotic quantum dynamics, that is, the degree of scrambling. In fact, we show in this work that D KL can vary considerably between different chaotic systems even at the same level of entanglement entropy.
We demonstrate our results by studying dynamics generated by various random unitary circuits that are chaotic, starting from unentangled product states. Concretely, we investigate two types of random circuits operating on non-Abelian anyons ( Fig. 1): (1) Majorana fermions with random braidings supplemented with random four-body interactions on every four contiguous sites; (2) Fibonacci anyons with random braidings. It is well-known that braidings of Fibonacci anyons alone are capable of universal quantum computation, but braidings of Majorana fermions are not [32, 33] . In the latter case, in order for the final states to reach GUE entanglement spectra, we supplement braidings with random local fourMajorana interactions. To gain further insights, we also compare the degree of scrambling of anyon braindings with those of the Sachdev-Ye-Kitaev model of Majorana fermions with all-to-all interactions [34, 35] , and random unitary circuits built out of (a) Hadamard (H), π/8 (T), and CNOT gates, and (b) random unitary circuits built out of two-qubit Haar-random unitaries. We find that, at intermediate times, the D KL for the above systems are drastically different at the same normalized entanglement entropy S/S max . The H+T+CNOT gate set turns out to be the least efficient scrambler among these models, even though it is capable of universal quantum computation. Random braidings of Fibonacci anyons as well as Majorana fermions with local interactions scramble almost as fast as two-qubit Haar-random unitaries. The SYK model, in spite of the additional energy conservation, remains the fastest scrambler from the perspective of ES statistics. The late time behavior, on the other hand, seems to be identical for all models we consider in this work.
The rest of this paper is organized as follows. We first introduce the concept of ES statistics and its relevance to entanglement complexity in both quantum circuits and Hamiltonian dynamics in Sec. II. In Sec. III, we introduce the models that we study in this work. The numerical results for D KL are presented in Sec. IV. Finally we close with a few remarks regarding future directions (Sec. V).
II. ENTANGLEMENT SPECTRUM STATISTICS AND ENTANGLEMENT COMPLEXITY
We start by introducing the basic concepts of ES statistics and the significance of GUE level spacing statistics in both quantum circuits and Hamiltonian dynamics.
Consider a pure state |ψ written in some complete local basis |ψ = {σ} ψ({σ})|{σ} . From now on we shall drop the "{ }" and denote a collection of degrees of freedom simply as σ, which should be clear from the context. Under a bipartition of the system into two subsystems A and B with Hilbert space dimensions d A and d B , we have:
where in the second line we have recasted the wavefunc-
. We define the ES of |ψ under this bipartition as the set of singular values {λ k } obtained from a Schmidt decomposition of the matrix Ψ(σ A , σ B ) [36] . The entanglement entropy can then be defined using the ES as
Notice that the reduced density matrix of subsystem A is related to Ψ as ρ A = tr B |ψ ψ| = ΨΨ † , so the eigenvalues of ρ A are simply related to the ES as {p k = λ 2 k }. Depending on how one partitions the system, Ψ is not necessarily a square matrix. However, in this paper we restrict ourselves to equi-bipartitions, so that
Historically, the usefulness of the ES was first recognized in the study of ground states of gapped systems, and was proposed as a fingerprint of topological order, and even more generally, symmetry breaking order [37] [38] [39] [40] [41] [42] [43] [44] [45] . The entanglement entropy of ground states of gapped local Hamiltonians is typically low (area law), which means that the ES decays very fast, usually with a large gap separating the dominant singular values, which capture universal aspects of the underlying system, from the rest of the spectrum. Highly excited states, on the other hand, typically have high entanglement entropy (volume law), and in general the ES is not gapped [46] .
Important physical characteristics encoded in the ES of highly excited states can be revealed in entanglement level spacing statistics. Let the singular values of an ES be rank-ordered in descending order: λ i > λ i+1 ; define the ratio of adjacent gaps in the spectrum as
so that r k ≥ 0. It was shown [28] [29] [30] [31] 47 ] that for Haarrandom states, the ES can be described in terms of random matrix theory, where the density of states follows the Marchenko-Pastur distribution [48] , and the level spacing statistics is given by the Wigner-Dyson distribution [49] 
with Z = 4π/81 √ 3 and β = 2 for GUE distribution. For Poisson distributed spectra, on the other hand, the distribution function takes the form
which displays no level repulsion as r → 0 and decays as a different power compared to the GUE distribution as r → ∞. The ES level statistics (4) contains information on the "complexity" of a state, that is, states with GUE distributed ES have complex structures of entanglement, whereas states with Poisson distributed ES have simple structures of entanglement, regardless of the amount of entanglement. We define the entanglement complexity as the inefficiency of disentangling a given state evolved under certain unitary dynamics, without precise knowledge of the time evolution operator. In general, this is a highly non-trivial task for generic highly entangled states. However, in Refs. [24, 31] , it was shown that one can efficiently disentangle states generated by certain classes of random unitary circuits that are not capable of universal quantum computation (e.g., the Clifford circuits) using a simple Metropolis-like algorithm, even though these states also reach maximal entanglement entropy. On the other hand, for states evolved under circuits that are capable of universal quantum computation, such a disentangling algorithm fails. The entanglement entropy growth shows identical behavior in both cases, yet the ES exhibits Poisson distribution in the first case and GUE distribution in the second. Later, Ref. [28] extended this ES-based diagnostic to distinguish between Hamiltonian dynamics that are integrable or non-integrable (either many-body localized or thermalized).
These observations suggest that, in addition to reaching maximal entanglement entropy, time-evolved states of truly chaotic systems should have a GUE distributed ES after a sufficiently long time evolution, i.e., the GUE distributed ES is the fixed point under time evolution. This motivates us to define the KL divergence between the ES in the process of time evolution and GUE distribution D KL [P (r)||P GUE (r)] as a measure of the distance to this fixed point. Moreover, if we study D KL as a function of the fraction of maximal entropy S/S max , we can then unambiguously compare this distance between various chaotic systems at the same amount of entropy. Thus, D KL has the natural interpretation of the degree of scrambling.
III. NON-ABELIAN RANDOM CIRCUIT MODELS
In this section, we describe the non-Abelian random circuit models that we use for numerical demonstrations of our results. The basic setup we adopt here is to start from unentangled product states, and then evolve under certain types of unitary dynamics. Random unitary circuits have been intensively studied recently as a theoretical handle to understand quantum chaos [17, 22, [25] [26] [27] . In this work, we will mainly focus on systems of nonAbelian anyons, with braidings and local interactions acting as unitaries operating on anyonic qubits. These systems provide insights into the degree of scrambling in a context that is also relevant to topological quantum computation.
A. Majorana fermions with random braidings and local interactions
The simplest non-Abelian anyons carrying a multidimensional representation of the braid group are Majorana fermions, or Ising anyons [33, 50] . These are quasiparticle excitations believed to exist in ν = 5/2 fractional quantum Hall systems [51] , as well as vor-tex cores of p + ip topological superconductors [52] , and are described by the low energy effective theory of the SU (2) 2 Chern-Simons theory [53] . Consider 2n Majorana fermions γ i (i = 1, 2, . . . , 2n) satisfying γ † i = γ i and {γ i , γ j } = 2δ ij . These can be combined into n complex fermions, such that two Majorana fermions fuse into iγ 2k−1 γ 2k = 1 − 2n k = ±1, where n k is the fermion occupation number. Hence the total Hilbert space dimension is 2 n−1 within each fermion parity sector. Unitary evolutions or "computations" are implemented by adiabatically braiding anyons around one another, which induces a transformation on the Hilbert space corresponding to an element of the braid group B 2n [54] . The group B 2n is generated by elementary interchanges of neighboring anyons which we denote by T i (see Fig. 2 ), which satisfy the following relations:
A nonlocal exchange can be achieved via a se- quence of nearest-neighbor exchanges; namely, for exchanging anyons p and q, one has
Physically, we are interested in unitary representations of the braid group. For the case of Majorana fermions, the braid group representation for the generators is given by [55] :
Written explicitly under qubit basis, the braid element can act as either a single-qubit gate or a two-qubit gate, depending on whether the two anyons that are braided belong to the same qubit or not. For example, consider four Majorana fermions γ 1 , . . . , γ 4 defining a fourdimensional Hilbert space |n 1 , n 2 . One can work out the action of all possible braids on this Hilbert space as given by (see Fig. 3 ):
where the braids in the first two lines correspond to single-qubit gates, and the third line corresponds to a two-qubit gate. Applying Eq. (9) to 2n Majorana fermions, one can calculate the unitary transformation under circuits of arbitrary braidings of 2n anyons. (c) Braidings of Majorana fermions are insufficient to create circuits capable of universal quantum computation, which would correspond to a truly chaotic system. In fact, the braiding representation presented in Eq. (8) essentially corresponds to a free fermion system, which fails to even maximally entangle initial product states. Therefore, we must supplement braidings with local interactions in order to have truly chaotic random circuits [56] . We add random local four-body interaction terms involving every four contiguous Majorana fermions γ j , . . . , γ j+3 , which corresponds to unitary operators
where α j ∈ [0, 2π] are random interaction strengths. Now each realization of the random unitary circuit operating on 2n Majorana fermions can be built by acting on the anyons with either braiding [Eq. (9)] or four-body interaction [Eq. (10)] at every single step.
B. Fibonacci anyons with random braidings
A particular type of non-Abelian anyon that allows for universal quantum computation, and hence qualifies as a chaotic system, is the Fibonacci anyon [32, 57, 58] . The Fibonacci anyon belongs to the quasiparticle spectrum of SU (2) 3 Chern-Simons theory whose non-Abelian part is also equivalent to the Z 3 parafermion theory [59] . It may also be related to the ν = 12/5 fractional quantum Hall state observed in experiments.
The quasiparticle contents in this model are very simple: it contains a single nontrivial quasiparticle denoted as τ and the identity, or vacuum, denoted by 1. The nontrivial fusion rule is given by:
To define the Hilbert space of a system of multiple anyons, we consider the Fibonacci chain [60, 61] with open boundary condition as shown in Fig. 4 . This is essentially a fusion tree drawn in a slightly different orientation. We label states in the Hilbert space correspond- The unitary representation of the braid group in terms of Fibonacci anyons can be derived using the R-matrix and the F -matrix of the theory (whose mathematical structure is known as the "unitary braided fusion category"). From now on we shall denote the states of x i using the language of qubits: |0 ≡ |x i = 1 , |1 ≡ |x i = τ . We directly list below the action of braiding on the qubit basis as in Eq. (9) and provide the derivation in the Appendix. The effect of braiding two adjacent anyons depends only on the configuration of the three qubits in contact with the two anyons, see Fig. 5 . The representation of the braiding in the qubit basis is
where we have suppressed the labels for the rest of the qubits. The "no consecutive 1s" constraint imposed on the states of adjacent qubits means that the Hilbert space dimension of the full chain is not equal to the product of the subsystem Hilbert space dimensions under a biparti-
C. Hadamard, π/8, and CNOT gate
In addition to the two non-Abelian random circuit models introduced above, we also study three more cases as a comparison. The first system is the random circuits built out of Hadamard, π/8, and CNOT gates. The action of these gates is most conveniently expressed in terms of the following unitary matrices: 
It can be shown that H, T and CNOT combined together is capable of universal quantum computation [62] , and hence qualifies as a chaotic system.
D. Two-qubit Haar-random unitaries
In this case, we study the same setup as in previous work by considering random unitary circuits built from two-qubit Haar-random unitary gates, which are drawn from the uniform probability distribution on the unitary group for two qubits U (4) [22, 25] .
E. SYK model
Finally, we consider the SYK model consisting of N Majorana fermions with all-to-all random interactions [34, 35] . The main difference from all previous cases is that this system undergoes Hamiltonian dynamics with energy conservation, instead of random unitary dynamics. The Hamiltonian of the SYK model is:
where the couplings J ijkl are real Gaussian random variables with zero mean and variance J 2 ijkl = 3!J 2 /N 3 . This model is exactly solvable in the large-N limit, with a Lyapunov exponent obtained from the OTOC saturating the bound λ L = 2π/β, where β is the inverse temperature [7, 12] . Hence the SYK model is often referred to as being maximally chaotic. Moreover, the eigenstates of the SYK model have been shown to be thermalizing, with entanglement entropies obeying volume law scaling [63] [64] [65] [66] . It is thus interesting to look at the degree of scrambling using our measure of D KL and compare with the previous cases.
We consider pure states obtained from a quantum quench of an unentangled product state with the Hamiltonian of Eq. (14) [67, 68] . One can explicitly construct a representation for the Majorana field operators in terms of Pauli matrices using the following JordanWigner transformation:
which maps the Hamiltonian (14) to a spin system.
IV. NUMERICAL RESULTS
We now present our numerical calculations of D KL as a function of S/S max for models A-E as explained in previous sections. Here the S max denotes the maximal Page entropy of a Haar-random state given by [69] :
where
for the Fibonacci anyon model with n A qubits (not anyon number!) in subsystem A, and d A = d B = 2 n A for all other cases. For both the Majorana fermion circuit and the SYK model, the global fermion parity is conserved, and physically one can only create states within a fixed fermion parity sector: i n γ 1 γ 2 · · · γ 2n |ψ = ±|ψ . As a consequence of that, the reduced density matrix ρ A will be block-diagonal with two blocks corresponding to even/odd parities respectively, and hence the ES statistics of the full spectrum will be a mixture of two sectors and yields a Poisson distribution. One way of working around this is to study the ES statistics within each block. However, in order to obtain a denser spectrum without having to double the total number of sites, a more convenient way is to simply start with random product states that mix the two parity sectors. The physics of scrambling should not be affected by this choice, and one should view this as a theoretical probe, not the modeling of a physical system.
The numerical results are summarized in Fig. 6 . Remarkably, we find that there is a clear hierarchy of D KL among various chaotic models even at the same amount of entropy. Since the real time (usually measured by either the circuit depth or the total evolution time under a given Hamiltonian) has been eliminated from the calculation, our result thus allows us to compare the degree of scrambling of drastically different models in a sensible way.
As shown in Fig. 6 , at intermediate times, the H+T+CNOT gate set turns out to be the least efficient scrambler among all cases. This can be understood in the sense that, although this collection of gates is universal for computation, approximating Haar-random unitaries would require a sequence of them due to the SolovayKitaev theorem [62, 70, 71] . This is also consistent with the result that the two-qubit Haar-random unitary circuits scramble the fastest among all models with local two-qubit unitaries. Once again, we emphasize that, since the clock we adopt here is S/S max , the hierarchy in the D KL should not be thought of as merely an effect of the length of a sequence or the circuit depth. It reveals additional structure of entanglement not captured by the entropy.
On the other hand, generating truly Haar-random unitaries acting on n qubits would require exponentially many elementary gates. However, the fact that the ES approaches that of a Haar-random state for all circuits built out of two-qubit unitaries implies that the random circuits are sampling uniformly from the Haar-random ensemble, even if not yet densely covering.
We notice that the Fibonacci anyon model scrambles almost as fast as the two-qubit Haar-random uni-tary circuits, and in particular, much faster than the H+T+CNOT gate set. Traditionally, there has been considerable effort in designing sophisticated compiling algorithms to build H, T, and CNOT gates from either the Ising or Fibonacci anyons [56] [57] [58] . While this is necessary for implementations of real-world quantum algorithms written in terms of universal gates, our results imply that a better strategy may be to bypass the compilation of standard gates completely and focus on computations carried out directly with braiding. Conversely, one can ask how to approximate an arbitrary anyonic braid by combining universal gates. Our results indicate that the appropriate combination may be quite complicated.
The SYK model, in spite of having additional energy conservation, remains the fastest scrambler through the lens of ES. The D KL of the SYK model is already smaller by orders of magnitude compared to all other cases we studied. This can be understood by noticing that the SYK model has all-to-all interactions, hence the large number of independent random couplings in the Hamiltonian makes the corresponding unitary resemble a Haarrandom unitary acting on n qubits.
Finally, there is an interesting observation from Fig. 6 regarding the late time behavior of D KL . Starting from S/S max ≈ 0.7, the curves for different cases seem to collapse on top of each other. It is tempting to think of this as a universal late-time behavior of chaotic systems as a function of the entropy, whereas the difference in the degree of scrambling may be visible only at intermediate times.
V. SUMMARY AND OUTLOOK
Diagnostics of quantum chaos in many-body systems are of fundamental interest in a number of currently active research directions in physics. Fully quantum systems with strong local interactions (i.e., away from large-N or semiclassical limits), in particular, constitute an important class, whose study in relation to quantum chaos is still an open challenge. In this work, we propose a new metric of scrambling in the form of the Kullback-Leibler divergence D KL , which is a measure of the distance to universal ES level spacing distribution. The universal distribution of the ES is intimately tied to the complexity of entanglement in a given state, which is not reflected in the net amount of entanglement entropy. We demonstrate numerically that there is indeed a hierarchy of D KL among various chaotic models, which defines the degree of scrambling in a model-independent manner. This work opens interesting directions for future research. Our methodology can be extended to a plethora of other quantum Hamiltonian systems, such as quantum spin chains. In particular, it was pointed out in Ref. [28] that many-body localized (MBL) systems -although they do not thermalize and hence do not reach Page entropy -also reach GUE distributed ES asymptotically as 1/lnt, where t is real time. Therefore, D KL could potentially be a useful quantity to compare the degree of scrambling of different MBL systems, without the ambiguity of time units.
Furthermore, it has been conjectured that quantum chaos underlies the computational complexity of quantum circuits or, more generally, quantum channels [20, 72] . From the topological quantum computation perspective, our results imply that braiding non-Abelian anyons may well be a much faster quantum computer than the universal gate set. This suggests that there might be more efficient ways of utilizing the computational power of braidings, than trying to design the universal gates using braidings. We present the derivation of the action of braiding operations on qubit basis of Fibonacci anyons, whose results are summarized in Eq. 12. We shall use the language of F and R matrices to derive these results. There also exists an alternative derivation by drawing a connection between the braid group representation and the Temperley-Lieb algebra. We refer the interested readers to refs. [73, 74] .
The R-matrix and F -matix are important data characterizing a given conformal field theory or topological quantum field theory. The R-matrix R ab c specifies the phase resulting from braiding anyons of type a and b which fuse into type c. For the Fibonacci anyons, the R-matrix is given by [33] :
or, R can be easily seen to be trivially identity. However, F τ τ τ τ is non-trivial and given by [33] : where φ = (1 + √ 5)/2 as defined earlier. Notice that the F -matrix satisfies F −1 = F .
As we explained in Fig. 5 , the action of braiding on the qubit basis only depends on the configuration of three adjacent qubits. One can tilt Fig. 5 and draw it in exactly the same way as in Fig. 7 , so that the action of braiding can be determined using the F and R matrices. Let us give an example of the state |x i−1 x i x i+1 = |101 . This configuration corresponds to the fusion tree depicted in the two anyons being braid (top right) fuse into a definite anyon type using the (inverse of) F -matrix, then followed by applying the R-matrix. Finally, one converts back to the original basis by applying F again. Hence, the action of braiding on this configuration is given by the first row of the matrix F RF −1 , which is:
Eq. A3 leads to the first line of Eq. 12 shown in the text. One can also check in a similar way the rest of the results claimed in Eq. 12.
